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Abstract 

A base SB for a finite permutation group G acting on a set f2 is a subset 
of SI with the property that only the identity of G can fix every point of 
33. We prove that a primitive diagonal group G has a base of size 2 unless 
the top group of G is the alternating or symmetric group acting naturally, 
in which case a tight bound for the minimal base size of G is given. This 
bound also satisfies a well-known conjecture of Pyber. Moreover, we prove 
that if the top group of G does not contain the alternating group, then 
the proportion of pairs of points that are bases for G tends to 1 as \G\ 
tends to infinity. A similar result for the case when the degree of the top 
group is fixed is given. 



1 Introduction 

Let G be a finite permutation group acting on a set J7. A base S8 for G is a 
non-empty subset of fi whose pointwise stabiliser is trivial. The base size of G 
is the minimal cardinality of a base for G, and we denote this by b(G). Bases 
have been very useful in group theory, both theoretically in bounding the size 
of a primitive permutation group (e.g. [3]) and computationally (surveyed in 
[37]). Accordingly, much research has been done on bounding the base size of a 
primitive permutation group G (e.g. [23]). 

Recently, it has been proved in [HI [101 [27J EJ El 111 HO] that if G is a finite 
almost simple primitive permutation group, then b(G) ^ 7 unless the action 
of G is standard, in which case the base size is unbounded in general. (G has 
a standard action if G either has socle A m and acts on the set of fc-subsets 
or partitions of {1, . . . , m}, or is a classical group that acts primitively on an 
orbit of subspaces of its natural module.) This was conjectured to be the case by 
Cameron [TT]. In fact, it is proved in [5] that if G is A m or S m acting primitively 
on a set of size n, then b(G) = 2 unless the action of G is standard or G is one of 
13 listed exceptions. Together with the work of J. James [31], this classifies the 
primitive actions of S m and A m with base size 2. A similar result for primitive 
actions of almost simple classical groups is forthcoming in [Jj . With the goal in 
mind of a theorem classifying which primitive permutation groups admit a base 
of size 2, we must therefore consider the other types of primitive permutation 
groups as classified by the O'Nan-Scott Theorem [33]. These types broadly 
consist of diagonal groups, twisted wreath products, wreath products, and affinc 
groups. In this paper, we focus on groups of diagonal type. These primitive 
permutation groups are not often studied, but they are important, especially to 
the base size 2 problem. This is because the base size of a primitive diagonal 
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group behaves much like the base size of an almost simple primitive permutation 
group, in that the base size is either 2, or, for several explicitly given classes of 
groups, can be unbounded. 

Let T be a finite non-abelian simple group, and let k be an integer that is 
at least 2. A group of diagonal type G with socle T k acts primitively on a set 
fi(fc,T) with degree |T| fc_1 and is a (not necessarily split) extension of T k by 
a subgroup of Out(T) x Sk; precise definitions will be given in Section [2] The 
permutation group induced from the conjugation action of G on the k factors of 
T k is called the top group of G and is denoted by Pq- The group Pq is either 
primitive in its action on k points or trivial when k — 2, and it plays a large 
part in determining the base size of G. Observe that if the top group Pq does 
not contain the alternating group Ak, then we necessarily have k ^ 5 since Ak 
and Sk are the only primitive permutation groups of degree k when k < 5 (and 
the only permutation groups when k = 2). 

Theorem 1.1. Let G be a group of diagonal type with socle T k for some finite 
non-abelian simple group T. If the top group Pq is not the alternating group 
Ak or the symmetric group Sk, then 6(G) = 2. 

This is the best result we could hope for since a group of diagonal type never 
has a base of size 1. The proof of Theorem ll.ll is constructive, though it depends 
on a non-constructive result in |36j which determines exactly when a primitive 
permutation group has a regular orbit on the power set of the domain of its 
action. Note that Gluck, Seress and Shalev [2UJ used [35J to construct a base 
of size 3 for a group of diagonal type whose top group is neither alternating, 
symmetric nor of degree less than 32. 

The situation is markedly different, however, when the top group Pq is either 
the alternating group Ak or the symmetric group Sk- Observe that groups of 
diagonal type can be constructed for any finite non-abelian simple group T and 
for arbitrarily large k. 

Theorem 1.2. Let G be a group of diagonal type with socle T k for some finite 
non-abelian simple group T where the top group Pq contains the alternating 
group Ak ■ If k ^ 3 then 



b(G) = 



log k 



where ag £ {1, 2} and ag = 1 if \T\ l < k ^ \T\ l + |T| — 1 for some positive 
integer I. If k = 2, then b(G) = 3 when Pq — 1, and b{G) £ {3,4} otherwise. 

We will see in Proposition |3"J2"1 that if either fc = \T\, or if Inn(T) fc x S k < G 
and k is \T\ l or \T\ l — 1 for some positive integer I, then = 2. Also, we give 
examples when k — 2 of two groups G with b(G) = 3 and two groups G with 
b(G) = 4 (see the end of Section[3]). Thus the bound of Theorem ll.2l is essentially 
best possible. However, it remains unclear precisely when the two possibilities 
occur. In particular, we do not know when b(G) = 2, though 2 < k < \T\ is a 
necessary condition. 

Theorems 11.11 and 11.21 also allow us to prove a well-known conjecture of Py- 
ber in the case of diagonal type groups. For any finite permutation group G 
of degree n, it is easy to see that [log |G|/logn] ^ b(G); simply show that 
\G\ ^ n b ( G ) by considering an appropriate chain of pointwise stabilisers of base 
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elements. Pyber [31] conjectured that there exists an absolute constant c for 
which the base size of a primitive permutation group G of degree n is at most 
clog \G\/ logn. For example, almost simple groups with non-standard primitive 
actions satisfy Pyber's conjecture because their base sizes are bounded above 
by an absolute constant [12] [201 123 > and Bcnbenishty [4] has verified the conjec- 
ture for standard actions of almost simple groups. Moreover, soluble primitive 
permutation groups satisfy Pyber's conjecture |35j . as do certain other affine 
primitive permutation groups |19[ 128] . 

Theorem 1.3. Let G be a group of diagonal type. Then G satisfies Pyber's 
conjecture. In fact, 

-\og\G\- 



b(G) < 
where n is the degree of G. 



logn 



We remark that although mention is made in |28] of a forthcoming paper by 
Seress in which Pyber's conjecture is proved for various primitive permutation 
groups including groups of diagonal type, this paper did not appear. Moreover, 
in Gluck, Seress and Shalev [3D] , a base for groups of diagonal type is constructed 
and it is claimed there that the argument can be improved to construct a base 
of size [log \G\j logn] + 3 (where G is a group of diagonal type with degree n), 
but the details of the proof of this weaker result are not given. 

Now we consider the probabilistic side of the theory. The result of [TU HPJ 
[2Z1 El El El HO] that b(G) < 7 when G is an almost simple primitive permutation 
group with a non-standard action actually has a stronger form. Cameron and 
Kantor [12] conjectured that for such groups G there exists an absolute constant 
c with the property that the probability that a random c-tuple of points is a base 
for G tends to 1 as the order of G tends to infinity. In the same paper, Cameron 
and Kantor proved that their conjecture is true with c ~ 2 when the socle of 
G is alternating. Liebeck and Shalev [37] then proved the general conjecture 
for some undetermined constant c by using [20] and counting fixed points of 
elements. The constant c = 6 was finally established through work in [2j|l E]- 
We have an analogous result for groups of diagonal type. The proof uses the 
method of counting fixed points of elements as in [37] . 

Theorem 1.4. Let G be a group of diagonal type with socle T k for some finite 
non-abelian simple group T , and suppose that the top group Pq does not contain 
the alternating group A^. Then the proportion of pairs of points from Sl(fc,T) 
that are bases for G tends to 1 as \G\ —¥ oo. 

Similarly, we have a partial result that includes the case when the top group 
Pg contains the alternating group Afc. One consequence of this result is that 
for any fixed k at least 5, there are only finitely many groups of diagonal type 
with a degree k top group which do not have base size 2. 

Theorem 1.5. Let G be a group of diagonal type with socle T k for some finite 
non-abelian simple group T where k 5. The proportion of pairs of points from 
VL{k, T) that are bases for G tends to 1 if k is fixed as \G\ — > oo. 



Explicitly, Theorems 11.41 and 11.51 sav the following. Let S denote either the 
symbol oo, or an integer that is at least 5. If 6 = oo, let $1$ be the collection of 
those groups of diagonal type whose top group is not alternating or symmetric, 
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and if 5 is an integer, let ^5 be the collection of those groups of diagonal type 
whose top group has degree 8. For each 5, and for each G G 31 5 with socle T k 
(where k = 5 if <5 is an integer), let n$(G) denote the proportion of ordered 
pairs (u;i,W2) in f2(fc,T) 2 for which {1^1,102} is a base for G. Fix 5. Then for 
every e > 0, there exists a natural number N such that n$(G) > 1 — e for every 
G e @s satisfying \G\ > N. 

This paper is organised as follows. Section [5] gives some basic notation and 
describes the groups of diagonal type in detail. Theorems 11.11 11.21 and 11.31 are 
then proved in Section [3J Theorem 11.11 follows from Propositions 13.31 and 13.71 
while Theorem II .21 essentially follows from Propositions 13. 81 13. 101 and 13. 121 The 
proof of Theorem 11.41 will take up most of Section |4j and the proof of Theorem 
11.51 comes at the end of that section. Note that Sections [3] and @] are essentially 
independent of each other. Note also that most of the results presented in this 
paper depend upon the classification of the finite simple groups. 

2 Preliminaries 

In this paper, all groups are finite and all actions and group homomorphisms 
are performed on the right. Note that the CFSG refers to the classification of 
the finite simple groups and that the notation used to denote the finite simple 
groups is consistent with that of [22] . 

First we have some basic notation. Let X and Y be groups. We denote the 
semidirect product of X and Y by X x Y; note that under this notation, X is a 
normal subgroup of X x Y, Y acts on X, and (xi, 1 )(^2, 2/2) = (xix^, 1 , j/f 1 ^) 
for all (xi,?/^ 1 ) and (£2,2/2) in X x Y~. If Y acts on [m] := {1, ...,m}, then 
Y acts on X m by permuting the coordinates; that is, the element y^ 1 of Y 
maps (xi, . . . ,x m ) to (x±v, . . . ,x m y) for all (xi, . . . , x m ) € X m . This action 
defines the wreath product X m x Y, which we denote by X l m Y . Moreover, 
if X is a permutation group on a set J7, then X \ m Y acts on tt m by sending 
(wi, . . . ,u) m ) to (u>H y , . . . , lo^ v ) for each (xi, . . . ,x m )2/ _1 <E X l rn Y. This is 
called the product action. As is standard, we denote the stabiliser in X of the 
point ui € f2 by X u , the conjugacy class of x € X by x x , and the set of right 
cosets of the subgroup Y of X by (X : Y). Note that A m and S m respectively 
denote the alternating group and the symmetric group on the set [m]. Also, if 
x, y G A, then [x,y] — x~ 1 y~ 1 xy, and if a € Aut(X), we write a for the coset 
alim(X) in the outer automorphism group Out(A). Lastly, the function log a; 
denotes the natural logarithm unless otherwise specified. 

The following definitions for groups of diagonal type can be found in |24j . 
For an integer k ^ 2 and a finite non-abelian simple group T, we define 

W{k,T) :={(a 1 ,...,a k )ire Aut(T) l k S k :a l =a i for all i}, 
D(k, T) :— {(a, . . . , a)ir e Aut(T) l k S k }, 
n(k,T) := (W(k,T) :D(k,T)), 
A(k, T) := W(k, T) n Aut(T) fc . 

Note that W(k,T) = A(k, T) x 5 fe and that W(fc,T) is an extension of T k by 
Out(T) x Sk. Moreover, W(k, T) acts faithfully on the right coset space il(k, T) 
since Inn(T) fe is the unique minimal normal subgroup of W(k,T). 

We say that a group G has diagonal type if there exists an integer k and a 
finite non-abelian simple group T such that Inn(T) fc ^ G ^ W(k, T) and G acts 
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primitively on fi(fc, T). Any such G has socle T k and degree n :— |T| fc_1 . Let G 
be a subgroup of W(k,T) containing Inn(T) fe , and let Pq denote the subgroup 
of Sk consisting of those ir G Sk for which there exists (a%, . . . , G A(k,T) 
such that (ai, . . . , otk)Tr G G. Then G is a group of diagonal type if and only if 
either (i) Pq is primitive on [k], or (ii) k — 2 and Pq = {1} (see [15l Theorem 
4.5A]). In particular, W(fe, T) is a group of diagonal type. Note that Pq is 
permutation isomorphic to the image of the action of G on {Ti, . . . , T&} by 
conjugation, where Ti is the i-th direct factor of Inn(T) fc , since for any w := 
(a%, . . . , Q!fe)7r € W(fc,T), we have w~~ 1 T i w = T i7r for all i G [k]. The group 
Pg is referred to as the top group of G. So long as the context prevents any 
confusion, we write D, W and for D(k,T), W(k,T) and Q(k,T) respectively. 

Let us briefly examine Q. Its elements have the form uj := D(a\, . . . ,afe)7r 
for some (ai, . . . , ak)ir G W. Now (ctfj, . . . , cti)ir G -D(fc, T) for any i e [fc], so 
fixing i we see that uj = D(ocT ^ a l7r -i , . . . , 1, . . . , a7 _ 1 afc 7r -i) where 1 is in the 
i-th. coordinate. Since a/ = ctj for all I and j, elements of actually have the 
form D(ip tl , . . . ,<Pt k ), where for each t € T, the map <£> t : T — > T is defined 
to be conjugation by t. Moreover, every element of f2 has |T| representatives 
in Inn(T) fc , and for each element of f2, we may choose one coordinate to be 
any element of Inn(T) should we wish to do so. In particular, fixing the same 
coordinate and element of Inn(T) and allowing all (k — l)-tuples with entries in 
Inn(T) yields the IT^" 1 elements of Q. 



3 Base sizes for diagonal type groups 

For this section, let G be a group of diagonal type with socle T k where T is a 
finite non-abelian simple group. Note that for g G G and f CO, the set £§ 9 is 
a base for G precisely when 3$ is a base. (Indeed, this is true for any action.) 
Thus by transitivity there is no loss of generality in restricting our attention 
to those subsets of £1 that contain D. We begin by determining the pointwise 
stabiliser in G of any two element subset of f2 containing D. 

Lemma 3.1. Let uj :— D{ip tl , . . . , <pt k ) G ^ and write t l 'i for t~ l tj. Then for 
any j G [k], we have G u nD = {(a, a)n G G : t l ^°a = t™^ * for all i}. 

Proof. Fix jo G [k]. Then (a, . . . ,a)n G G fixes uj if and only if ipt jo atp^.^ — 

ip ti aip^ 1 for all i. This is equivalent to (p t i,j a = aip t i^,j ^ for all i. Evaluating 
this last expression at t for each t G T, we see that it is equivalent to the 
statement that (i JJ °o;)(^ 7rj0,r ) _1 centralises to for all t G T. Since the centre 
of T is trivial, the proof is complete. □ 

Lemma 13 . 1 1 then has the following useful, easy corollary. 

Lemma 3.2. Suppose that (a, ... ,a)7r G G fixes D(ip tl , ... ,<pt k ) G f2. If there 
exists jo for which tj and tj o7r are trivial, then Ua = for all i. 

Lemma |3 . 1 1 motivates the following notation. For uj := D(ip tl , . . . , ift k ) G fi, 
let Ou; denote the k x k matrix whose (i, j)-th entry is the order of t %, i — t^ 1 tj . If 
(a, . . . , a)ir G G u , then since t % 'i°a = t 1 ^^ ^ for all i for any fixed jo by Lemma 
13.11 the jo^-th column of O u must be a permutation of the entries of the jo _ th 
column. Note that O u is a symmetric matrix whose diagonal entries are all 1. 
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Now we prove Theorem 1 1 . 1 1 for k > 32. The proof relies mainly on a theorem 
of Seress [36] which determines precisely when a regular orbit on the power set of 
the domain of a primitive action exists; his work is based on work by Cameron, 
Neumann and Saxl [T3] who proved using the CFSG that such a regular orbit 
exists for all but finitely many degrees so long as the action is not the natural 
action of the alternating or symmetric group. This result, as mentioned in the 
introduction, was used by Gluck, Seress and Shalev [2UJ to construct a base of 
size 3 for a group of diagonal type whose top group has degree at least 33 and 
does not contain the alternating group (and a larger base otherwise). However, 
the proof of Proposition 13.31 below proceeds somewhat differently in order to 
construct a base of size 2. 

Proposition 3.3. If A k £ P G and k > 32, then h{G) = 2. 

Proof. Since Pq is primitive and does not contain A^, and also since A; > 32, 
[361 Theorem 1] implies that [k] can be partitioned into two non-empty subsets 
A and Y such that the setwise stabiliser of A in Pq is trivial. Since the setwise 
stabiliser of F must then also be trivial, we may assume without loss of generality 
that |A| |r|. Clearly |A| ^ 4, so we may partition A into two non-empty 
subsets Ai and A2 such that neither |Ai| nor IA2I is \Y\. Let x and y be 
generators for T (which is possible by pQ), and define to be 1 if i G Ai, x if 
i £ A 2 , and y if i G Y. Let u := D(tp tl ,. . . , <p tk ). 

Let (a, . . . , a)-K be an element of G fixing lj. Define a function g : {1, . . . , k} 
N by mapping i to the number of entries in column i of O u that are 1, where 
is as defined above. Writing A3 = Y, we have g(i) = \Aj\ if i G Aj. 
Then g(i) ^ g(j) for all i G Y and j G A, but g(i) = <?(«r) for all i since by 
Lcmma l3.il the entries of column iir are a permutation of the entries of column 
i. Hence Yn = Y, so tt is the identity. But then for any i G Ai, — U — I, 
so by Lemma 13.21 a must fix both x and y and is therefore the identity. Thus 
{D,D((p tl ,...,ift k )} is abase for G. □ 

As for k smaller than 32, we need some more lemmas. This first lemma will 
also be useful in the case when the top group is alternating or symmetric. 

Lemma 3.4. Let t\, . . . , tk denote elements ofT such that at least two of the t{ 
are trivial, at least one is non-trivial, and if ti and tj are non-trivial and i =/= j 
then ti ^ tj. If (a, . . . , a)ir G G fixes D(ip tl , . . . , ft k ), then t^a — t^ for all i. 

Proof. Let uj :— D(ip tl , . . . , </?t fc ), and let denote the order of ti. Also, let m 
be the number of non-trivial U. To begin, assume that ti ^ 1 if i G [m] and 
that L = 1 otherwise. Then 



where A is a symmetric m x m matrix whose diagonal entries are 1 and whose 
remaining entries are integers at least 2, B is an m X (k — m) matrix with i-th 
row (fi, . . . ,ri), and lfe_ m is a (k — m) x (k — m) matrix in which every entry 
is 1. Since k — m 2, columns m + 1 through k each have at least two entries 
that are 1, and these are the only such columns; hence it must permute these 
columns, which implies that t^ — 1 for i ^ m+ 1. The result then follows from 
Lemma The proof of the general case is essentially the same since then the 




G 



entries in each column of will be a permutation of the entries in a column 
of the matrix above. □ 



A result of Malle, Saxl and Weigel 30 states that every finite non-abelian 
simple group other than U3 (3) is generated by an involution and a strongly real 
element. Since t/a(3) is generated by an involution and an element of order 6 
by 14], it follows that every finite non-abelian simple group is generated by two 
elements, one of which can be taken to be an involution. Since two involutions 
generate a dihedral group, the two generators must have different orders. This 
makes the next two lemmas useful. For x, y G T, let T(x, y) denote the set of 
non-trivial elements of T whose orders are different to the orders of x and y. 

Lemma 3.5. Suppose that T — (x,y) where x and y have different orders, and 
suppose that k ^ 4 and Pq 7^ Sk- If Pq has base size at most \T(x,y) \ + 2 in 
its action on [k], then b(G) = 2. 

Proof. We may assume without loss of generality that {1,2,..., m} is a base 
of minimal size for Pq. Since Pq is primitive and Pq 7^ Sk, it follows that 
Pq contains no transpositions; thus we may conclude that k ^ m + 2. Let 
t\ := x, ti := y, ti := 1 for max{3,m + 1} ^ i ^ fc, and when to ^ 3, choose 
£3, . . . , t m to be distinct elements of T(x, y). Suppose that (a, . . . , a)n £ G fixes 
D(tp tl , . . . , ipt k )- Then the conditions of Lemma are met, so Ua — t^ for all 
i. But a preserves order, so a fixes x and y and is therefore the identity. Then 
since the ti are distinct for i G [to], tt is the identity on [to]. Hence tt is the 
identity, and it follows that {D, D(cp tl , . . . , tpt k )} is a base for G. □ 

There is a classical result of Bochert [S] from the nineteenth century which 
states that every primitive permutation group of degree k that does not contain 
Ak has a base of size at most k/2 (see [15l Theorem 3.3B] for a proof). This 
makes the following consequence of Lemma \'3 . 5 1 possible . 

Lemma 3.6. Suppose that T = (x,y) where x and y have different orders, and 
let C be a non-trivial conjugacy class of T with minimal cardinality. If Ak ^ Pq 
and k «C 2\C\ + 4, then b(G) = 2. 

Proof. Certainly |C| ^ \T(x,y)\ since 3 distinct primes divide |T|, while Pq has 
a base of size at most k/2 by Bochert [5]. Thus the assumption that k ^ 2|C| +4 
implies that Pq has base size at most \T(x,y)\ + 2 in its action on [As]. Note 
that k ^ 5 since Ak ^ Pq and Pq is primitive. Hence we may apply Lemma 
1331 □ 

Proposition 3.7. If A k ^ Pq and k ^ 32, then b(G) = 2. 

Proof. By Malle, Saxl and Weigel [301 Theorem B], T is generated by elements 
x and y with different orders. Let p(T) denote the minimal index of a proper 
subgroup of T. Then by Lemma T3. 61 G has base size 2 if 32 2p(T) + 4, so we 
may assume that p{T) ^ f3. Note that |T| ^ f3!/2 since T can be embedded in 
the alternating group on p(T) points. If T is a classical group of Lie type, then 
values for p(T) can be found in [331 ST] , and if T is an exceptional group of Lie 
type, then values for p(T) can be found in [35J EHl HO]- Of course p(A m ) = m, 
and if T is sporadic (and of order less than 13!/2), then values for p(T) can be 
found in [T3]. Using these, we see that T must be one of L 2 {7), L 2 (8), £2(11), 
£3(3), M11, M±2 or A m for 5 ^ to ^ 13. However, it can be seen using [TJ] that, 
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with the exception of A 5 , none of these groups has a conjugacy class of size less 
than 13, and so b(G) = 2 by Lemma \'S. 61 Lastly, A$ is (2, 3)-generated and has 
24 elements of order 5, while Pq has a base of size at most 32/2 by Bochert [5], 
so 6(G) = 2 by Lemma 1331 □ 



Together, Propositions 13.31 and 13.71 imply that b(G) = 2 when Ak ^ Pg, 
which establishes Theorem ll.il Note that Pyber's conjecture (Theorem 1 1.3[) is 
therefore true when Ak ^ Pg- 

We now move on to consider those diagonal type groups G for which Pq 
does contain the alternating group Ak- Here it is readily seen that we will not 
always have base size 2: if k > \T\, then every element of \ {D} is determined 
by a A:-tuple of elements of T whose coordinates contain at least one repeat, and 
so W(k,T) does not have base size 2. In fact, we will see that b(G) 7^ 2 when 
k ^ |T|. We begin by constructing a base for G. 

Proposition 3.8. G has a base of size 

log (A; + 
log|T| 

if k > \T\ and a base of size 3 if 5 ^ k ^ \T\. 

Proof. Assume that k ^ 5. Then to :— min (|T| — 1, k — 2) is at least 3. Define 
the positive integer 



log(fc-|T| + l) 
log|T| 



1 



if k> \T\, 

if k € in. 



For j such that m < j ^ k, let d,,o, . . . , <ij,r-i denote the first r digits of the base 
|T| representation of j — m — 1 ; this is reasonable since |T| r_1 ^ fc — m— 1 < |T| r . 
Let x and y be generators for T (by pQ). Since |T| is divisible by at least 
3 distinct primes, we may choose some non-trivial z from T whose order is 
different to that of x and y. Enumerating the elements of T as to,.. . ,t\T\-i 
where t$ := 1, t\ := x, t% := y and £3 := z, we may define 



:= < 



tj 
x 

z 

td 3 . 
1 



if i = 2 and 
if i = 3 and 
if i = 3 and 
if 3 ^ i < r 4 
otherwise. 



1 < j < ro, 

i = i, 

1 = 2, 

2 and m < j ^ k, 



For 1 ^ i ^ r 
claim that ^ := 



f 2, let denote the element D(ip Ui 1; . . . 
{oji, . . . ,w r+ 2} is a base for G. Note that 



, y> Ui k ) of 17. We 
^| = r + 2, for if 

1, and so 

j.1-3 = a j,i'~3 for every j > m. This is certainly not the case; for example, 



LUi' for some distinct i and i', then there exists t G T for which «j . 



for all j. But then we must have i,i' ^ 4, which implies that t 

dj,i-3 = d^ 

take j = m i-3 + m + 1. 

Since 1*2,1, ■ • ■ , U2,fc satisfy the conditions of Lemma 13.41 we get that ui^a = 
u 2,j-n for all j, and so [to]7t = [to]. Now ^2,3 = z has order different to that of 
U2.1 = x and U2,2 — y, so 3 ^5 3n ^ to. Hence 1*3,3^ = 1 = 113,3, which implies 
that usja — u^j^ for all j by Lemma |3~2"1 But l7r ^ to, so 1*3,1^ € {x, z, 1}; this 
together with the fact that 1(3,10; = 113^ forces In = 1. Similarly, 2-7T = 2, but 
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then u% jOt equalling U2,j-n for j G {1, 2} implies that xa — x and ya — y, so a is 
the identity. Moreover, for any i ^ 4 we have that = t4j,i = 1, so it follows 
from Lemma 13.21 that Uij n — Uij for all i and j. In other words, for every j, 
the j-th and j7r-th columns of the (r + 2) x k matrix whose (i, j)-th entry is u 2 J 
are the same. However, by construction columns 1, . . . , m are distinct from one 
another, as are columns m + 1, . . . , k. Recalling that [m}n = [m], it follows that 
7r is the identity. □ 

Note that the CFSG was only used in the proof above to obtain that T is 
2-generated. This assumption can be removed if k is sufficiently larger than |T|: 
let #1, . . . , x s be a set of generators for T, and in the construction of ^ above, 
change x to x\, y to X2, and Wi+1.2 to 2^ for 3 ^ i ^ s. The proof remains 
unchanged until we obtain x\a = x\ and a^a = X2- Since it^ijr = iti.i = 1 
for i^4, Lemma 13.21 implies that u^a — Uij^ for all i and j, but 2tt = 2, so 
Xia = Xi for all i. The remainder of the proof is the same. To get a crude idea 
of how large k need be, note that T has a generating set of size at most log 2 \T\ 
(as any finite group does), so we need log 2 \T\ + 1 to be at most r + 2 for this 
argument to work. Hence for k ^ |T| log2 > T >, the upper bound on the base size 
of G in Proposition 13.81 is obtained without the CFSG. 

Now we consider small values for k. The following will be used when k = 2. 

Lemma 3.9. If{D, D(<p tl , . . . , (fit k )} is a base of size 2 for G, then f] i=1 Ct(U) = 
in- 
Proof. If t G {t =1 C T {U), then (t^ti)^ = tjHi for alH. But (<p t , . . . ,<p t ) G G, 
and (ipt, . . . , v 3 *) fixes D((p tl , . . . , (/? tfc ) by Lemma 13. 11 so t = 1. □ 

Proposition 3.10. If Pg = Ak, then b(G) = 3 when k = 2, and b(G) = 2 when 
k is 3 or 4. IfP G = S k , then b(G) G {3,4} when k = 2, and b(G) G {2,3} when 
k is 3 or 4- 

Proof. Let x and y be generators for T (by pQ). Then {D, D(ip x , l),D((p y , 1)} or 
{-D, D(if x , 1), D(ip y , l),D{ip xy , 1)} is a base for G when Pg is 1 or S2 respectively 
by Lemma [3.11 Moreover, b(G) ^ 2 in these cases since {D, D(ip t , 1)} is not 
a base for G for any t G T by Lemma 13.91 Let z be a non-trivial element 
of T with order different to that of x and y. Then Lemma 13.41 implies that 
{D,D(v x ,l,l),D(l,<py,l)} or {D, D(ip x ,cp z ,l,l), P>(1, 1,^,1)} is a base for 
G when Pq is S3 or S4 respectively. Since the natural action of has base 
size 2, it follows from Lemma 13.51 and [3U1 Theorem B] that b(G) = 2 when 
Pg = A4. This leaves us with the case Pg = ^3- By [3(31 Theorem B], we may 
assume that y is an involution. Then a consideration of the matrix Odj^^^i) 
shows that {D, D(ip x , cp y , 1)} is a base for G. □ 

We are now able to prove Pyber's conjecture for groups of diagonal type. 

Proof of Theorem 11.31 Let G be a group of diagonal type with socle T k . It is 
well known that k k /e k ^ 1 ^ fc! for any integer k ^ 2. If Ak ^ Pg, then 

(^r) & 1 ^ 5 (J&O |T|fe_1 ^ i^im*- 1 < i^n* -1 = i g i> 

from which we obtain 

log(fc|r|/e) log|G| 
log|T| ^log|T|fc-i - 
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But k- \T\ + 1 k\T\/e, so when A k P G and fe > \T\, Proposition 
implies that G satisfies Pyber's conjecture and, in particular, the bound in the 
statement of Theorem ll.3l Since b(G) is constant and at most 4 when A k ^ Pq 
or k ^ |T| by Propositions 13.31 13.71 13.81 and 13.101 and since we always have 
[log \G\/ log \T\ k ~^ ^ 2, the proof is complete. □ 

In fact, since log \G\/ log |T| 1 b(G) (see the introduction), this proof 
provides a lower bound for b(G) which is the desired bound of Theorem 11.21 
if e\T\ l < k ^ |T|' +1 for some non-negative integer I. However, this can be 
improved upon. To do so, we need to know more about the structure of G. 

Lemma 3.11. Suppose that Ak ^ Pq. If there exists an odd integer s with 
1 < s ^ fc such that s is relatively prime to the order of every element of 
Out(T), then Inn(T) fc x A k ^ G. 

Proof. If 7r is an s-cycle, then 7r € A k ^ Pq, so (a, . . . , a)n € G for some a S 
Aut(T) whose image a in Out(T) has order r, say. Certainly (a r , . . . , a r )n r e G, 
but G contains Inn(T) fe , so ir r is an element of G. Hence tt is as well. As ir 
was an arbitrary s-cycle, the group G contains every s-cycle. But the s-cycles 
generate A kl so Inn(T) fe xi A k ^ G. □ 

The next result provides the lower bound on b(G) of Theorem 11.21 In fact, 
several other lower bounds are proved under somewhat specialised conditions; 
this is done to show that the bounds of Theorem l 1 . 2 1 arc essentially best possible. 

Proposition 3.12. Suppose that A k ^ Pq, and let I be a positive integer. 
Suppose that either k > \T\ l , or I = 1 and k = \T\, or Inn(T) fc xi S k ^ G and k 
is \T\ l or \T\ l - 1. Then b{G) ^1 + 2. 

Proof. Suppose that one of the four assumptions on k and G in the statement 
of the proposition is true. Then certainly k ^ \T\ — 1, but | Out(T)| is much 
smaller than \T\ by the CFSG (see Lemma H. 81 for example), so we may take 
the s of Lemma l3~TT1 to be | Out(T)| + 1 if | Out(T)| is even and | Out(T)| + 2 
otherwise. Thus lnn(T) k x A k ^G. 

For ease of notation, let ^ denote the set of the \T\ l columns of length I 
with entries in T, and for M an I x m matrix with entries in T, let c €m denote 
the subset of ^ whose elements are the columns of M. Note that Aut(T) 
acts naturally on 'lo . Suppose that the columns of M are pairwise distinct. If 
= f° r some a G Aut(T), then a determines a permutation on [m]; 
this we denote by Tr a ^M- Note that for each row (ij.,.. . ,t m ) of M, we have 
tia = ti-,t a M for all i. 

Choose I distinct elements uj\, . . . ,w; from Q, \ {D}, and let S3 be the set 
{u>i : 1 ^ i ^ I}. We must show that & is not a base for Gd- For each i, 
let (ti i, . . . , ti t k) be one of the |T| choices of fc-tuples of elements in T that 
correspond to uj.i. Let B be the I x k matrix whose (i,j)-th entry is tjj. Note 
that for each i, (t, . . . , t)oji — u>i for any t £ T. This allows us either to choose 
one element from to be column j of B for any one j € [k], or, when an element 
of c € is not in % , to choose any one element from ^ to be in ^ \ % (with 
appropriate repercussions for the columns of B in either case). 

Suppose that B has three identical columns, say ji, ji an( l 3z- Then 
(1, . . . , 1) (ji ]2 J3) is an element of Gd that fixes 3% pointwise, so £3 is not 
a base for Gd- Similarly, if B has two pairs of identical columns, then SB is 
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not a base for Go, so we may assume that neither scenario occurs in B. In 
particular, fc < \T\ l + 1. 

Suppose that 5 has exactly one pair of repeated columns. By relabelling if 
necessary, we may assume that the indices of these columns are fc — 1 and k. 
If Inn(T) x Sk ^ G, then clearly 33 is not a base for Go- Moreover, suppose 
that k = \T\ l + 1 or that I = 1 and k = \T\. Then 'taB is ^ in the former case 
and ^ \ {(£)} for some t £ T in the latter. We may assume by the note above 
that every entry of column fc — 1 is the identity, and therefore the same is true 
for column k. Let B* be the ( x (fc — 2) matrix whose j-th column is the j-th 
column of B for 1 ^ j ^ fc — 2. If k = \T\ l + l, let a be any non-trivial element of 
Inn(T), and if / = 1 and fc = |T|, let a be any non-trivial element of Inn(T) that 
fixes t. Then ffg, = m either case. Since the columns of B* are pairwise 
distinct by assumption, the permutation 7t Qj b» on [fc — 2] exists as defined above. 
Moreover, ~K a ,B* can be made into an even permutation tt of [fc] by cither fixing 
or interchanging fc — 1 and fc. Then (a, . . . , a)n £ Go- Since tija = t% j n for all 

1 and j, Lemma \3 . 1 1 implies that (a, . . . ,a)ir fixes 33 pointwise. Thus 33 is not 
a base for Go- 

Hence we may assume that the columns of B are pairwise distinct. Then 
fc s$ \T\ l . If fc = \T\\ then <af B = ST, and if fc = |T| Z - 1, then % = <af \ {c} for 
some c € ^; we may assume that all of the entries of c are the identity. Let a be 
an element of Inn(T) for which a 2 ^ 1. Then ffg = in either case. Again, 
since the entries of B are pairwise distinct, we have a permutation 7r := 7r a B of 
[fc]. Since U^a = for all i and j, Lemma T3. II implies that (a, . . . ,a)7r e Z? 
fixes 33 pointwise; hence the non-trivial element (a, . . . , a) 2 ir 2 of Inn(T) fc x Ak 
does so as well, and thus 33 is not a base for G/j. □ 

Proof of Theorem \1.2[ By Propositions 13.81 and 13 . 101 we have the desired result 
if fc ^ |T|, so we may assume that |T| < fc ^ |T| i+1 for some positive integer I. 
The upper bound of Theorem 1 1.2 1 is immediate from Proposition ^. 81 while the 
lower bound follows from the fact that b{G) I + 2 by Proposition 13. 121 If we 
also assume that fc ^ |T|' + \T\ — 1, then the upper bound of Proposition 13.81 is 
equal to [log fc/ log \T\] + 1 since fc > \T\ l implies that fc - \T\ + 1 > |T|'-\ so 
ag = 1 and the proof is complete. □ 

Note that Proposition 13.121 provides several infinite classes of groups for 
which the ac of Theorem 11.21 is 2; namely, oq = 1 when fc = |T| or when 
G contains Inn(T) fc x Sk and fc is \T\ l or \T\ l — 1 for any positive integer 
Additionally, it can be shown that if m is 5 or 6, then 6(Inn(A m ) 2 x S2) = 3 
while b(W(2, A m )) = 4. (GAP [TH] was used to verify this when m = 6.) Thus 
the bound on the base size of Theorem ll.2l is essentially best possible. 

Furthermore, Proposition 13 . 1 2| implies that b(G) 7^ 2 when fc ^ \T\, and if 

2 < fc < \T\, then we know that b(G) € {2,3} by Propositions ET8l and l3~T0l 
At this stage, it remains unclear whether we can determine when b(G) = 2 
more precisely than this. The main difficulty here lies with the possibility of 
the existence of two groups of diagonal type with the same socle and top group 
but different base sizes; indeed, none of the methods we have seen so far can 
distinguish the base sizes of two such groups. However, as mentioned in the 
introduction, we will see in Section U that for a particular fixed fc that is at 
least 5, there are only finitely many groups of diagonal type with a degree fc top 
group which do not have base size 2. 
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4 Probabilistic results 



In this section, let T be a finite non-abelian simple group. The following ar- 
gument has been made by Liebeck and Shalev [37]. Let G be a transitive 
permutation group on il. Let Q(G, b) denote the proportion of 6-tuples in fl b 
that are not (ordered) bases for G. If a; € G, the proportion of points in fl that 
are fixed by x is | fix(x)|/|f2|, so the proportion of 6-tuples that are fixed by x 
is (| fix(a;)|/|i7|) b . Moreover, if a 6-tuple is not a base for G, then it is fixed by 
some element in G of prime order. Let X be the set of elements in G of prime 
order, and let X\, . . . , Xi be a set of representatives for the G-conjugacy classes 
of elements in X. Then since | fix(x)|/|f2| = \G U C\ x G \/\x G \ for any ui € il by 
transitivity, we have 

In particular, it follows that if 

^ \G\ 







as \G\ —> oo for some U) € CI, then almost any pair of elements in ft forms a 
base for G. Note that we may choose xx,...,xi to be elements of G w since 
\G U n xf | = if no G-conjugate of X{ lies in G w . 

Let G be a group of diagonal type with socle T k . Choose a set R(G) of 
representatives for the G-conjugacy classes of elements in the stabiliser Gd of 
D = D(k,T) in G which have prime order. Define 



Ri(G) 
R 3 (G) 



{(a, . . . , a)ir £ R(G) : tt is fixed-point- free on [As]}, 
{(a, ...,a)7r <= i?(G) : tt = 1}, 

{(a, . . . , a)7r €E R(G) : n ^ 1 and in = i for some i € [fc]}, 



and for 1 ^ i ^ 3, define 



n(G):= Yl 

xeR,(G) 



G D nx G \ 2 \C G (x)\ 
\G\ 



Thus Q(G, 2) < n(G) + r 2 (G) + r 3 (G). We write for the tuple (a, . . . , a) 
and G for some absolute constant which need not and will not be determined 
(though it could be). Such methodology will also apply to another absolute 
constant c > 1, though it will be obvious what c needs to be. 

We need to prove the following three lemmas; for the second, note that p(T) 
denotes the minimal index of a proper subgroup of T. 

Lemma 4.1. Let P be a primitive subgroup of Sk that does not contain A^, 
and let G := A(k, T) x P. Then 



for some absolute constants C and c > 1. 
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Lemma 4.2. Let P be a primitive subgroup of Sk where k 5, and let G := 
A{k, T) x P. Then 

p(T) fc 4 

/or some absolute constant C . 

Lemma 4.3. Let P be a primitive subgroup of Sk that does not contain Ak, 
and let G := A(k,T) x P. Then 



r 3 (G) < 



C ( 1 1 



|T|i V cfc Vfc 
/or some absolute constants C and c > 1. 



In fact, Lemma 14731 is primarily a consequence of the following more general 
result, which we record here and prove separately from Lemma 14.31 as it has 
applications to the probabilistic side of the base size problem for other types 
of primitive permutation groups, such as the groups of twisted wreath type (in 

EM)- 

Lemma 4.4. Let P be a primitive subgroup of Sk that does not contain Ak, and 
let T be a finite non-abelian simple group. Then for some absolute constants C 
and c > 1, we have 

where R(P) denotes a set of representatives for the conjugacy classes of elements 
of prime order in P , and r w denotes the number of cycles in the full cycle 
decomposition of tt in Sk, including fixed points. 

If we assume that Lemmas 14.11 14.21 and 14.31 are true, then Theorem 11.41 can 
be proved easily, as we now see. 



Proof of Theorem \1.4\ By Lemmas [O] and I4T51 

Q((A(k,T) xP G ),2) sCC* 



1 



\T\i p(T) fc -T \T\ic k \T\iVk 

for some absolute constants C and c > 1. Because T can be embedded in the 
alternating group on p(T) points, it follows that p(T) — > oo as |T| — > oo. In 
addition, we must have k ^ 5 since for k 4 the only primitive permutation 
groups of degree k are Ak and Sk- Thus Q((A(k,T) x Pq),2) converges to 
as \T\ -> oo or k -> oo. Since G < A(fe,T) x P G sC W(fe,T), any base for 
A(k,T) x P G is also a base for G. Thus Q(G,2) g((A(fc,T) x P G ),2). Also, 
clearly \G\ | Aut^HT^-^Pcl sC |T'j!]T , j fe - 1 fe!, so \T\ -> oo or k -> oo when 
|G| — > oo. Thus Q(G,2) will indeed converge to as \G\ tends to infinity. □ 

In order to prove the three lemmas, we first need to calculate the sizes of 
conjugacy classes and centralisers of various elements of D(k,T). 
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Lemma 4.5. Let P be a subgroup ofSk, let G := A(k, T)xP, and let (a, . . . , a)ir £ 
G where tt has a fixed point on [k] . Then 

{a,..., a)ir G nG D = {(a', a')iz' : a £ a Aut(T) , tt' £ tt p }. 

In particular, |(a, . . . , a)ir G n G,d| = |a Aut ( T )||7r p |. 

Proof. Suppose that a' := for any /3 € Aut(T) and tt' :— a^ 1 Tia for any 

a £ P. Then (/3, . . . , /3)er conjugates (a, . . . , a)7r to (a', . . . , a')n' in G. On the 
other hand, if (ai, . . . , afc)cr conjugates (a, . . . , q)tt to (a', . . . , a')7r' in G, then 
cr^ 1 ^^ = 7r' and ol^ otonir = a' for all i. Since tt has a fixed point, the result 
follows. □ 

The proof of Lemma 14.51 should give the reader some indication of why it 
is not only convenient to work with the group A(k, T) XI P but also necessary, 
as we lose control of the sizes of i?2(G) and R?,(G) for an arbitrary group of 
diagonal type G. 

Lemma 4.6. Let P be a subgroup of ' Su, let G := A(k, T)xP, and let (a, . . . , a)ir 
be an element of G of prime order p. Then \Cg{{&, ■ ■ ■ ,a)ir)\ is either 

|G F (7r)||G 0u t(T)(«)||T|l (1) 
if 7r is fixed-point-free on [k] , or 

IGpC^HGA.t^C^HGx^^C^l^wW-^Tli^-^iW) ( 2 ) 

if it has a fixed point on [k] . 

Note that the division into two cases in Lemma 14.61 is necessary because 
there exist a, (3 £ Aut(T) for which (3 £ G 0u t(T)(«) but (3 ^ GA u t(T)( Q; )- in 
fact, if 7r is fixed-point-free, then the two versions given of \Cg((c(, . . . ,a)ir)\ 
agree precisely when GA u t(T)(aO/Gi nn (T)(aO is isomorphic to Go u t(T)(S). 

Proof. Let / ff := fbqj.](7r), let be the number of non-trivial cycles of tt so 
that ^ = (k — fir) I Pi and let := + The element (aj., . . . , ak) a G 
Aut(T) fc ? Sk is in G and centralises (a, . . . , a)-7r if and only if all three of the 
following conditions occur: a centralises tt in P, oT x ciiCi = for all i, and a, 
and aj are in the same coset of Inn(T) for all i and j . There are precisely | G p (tt) \ 
elements of P satisfying the first condition, and this condition is independent 
from the other two, so we assume that a is fixed and count how many occurrences 
of the latter conditions are possible. 

Note that if a is trivial, then a~~ 1 ctiCt — for all i if and only if cti = aj 
whenever i and j are in the same cycle of the full cycle decomposition of tt. 
Thus there are | Out(T)| \T\ T7r tuples (ai, . . . , ctk) satisfying both conditions. 
The desired equality then follows in either case for tt, so we may assume that a 
is non-trivial, in which case a has prime order p. 

Suppose, first of all, that io is moved by tt. Then io is contained in a p-cycle 
in the full cycle decomposition of tt as tt must have the same prime order as a. 
Let us assume that this p-cycle is (12 •• -p) and that io is 1. If or x Uia = 
and a.\ = oii for all i, then, in particular, [«i,a] £ Inn(T) and the elements 
CC2, • • • , ctp are determined by a\ and a. Conversely, if we are given a\ £ Aut(T) 
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such that [ai,a] G Inn(T), define a i+ i := or % a\a % for each i e [p — 1]. Then 
a~ 1 aia = for all i € [p] since a has order p. Moreover, [ai,a J ] € Inn(T) for 
all z e [p] since [a^a 1 ] = [«i,a ]a [ai^a for all such i; thus a\ = 5j 
for all is [p]. Since this argument does not depend on the choice of «o or on 
the letters of the p-cycle, and since for /3 € Aut(T), a] € Inn(T) if and only 
if P € Cout(T)(s), it follows that there are at most |C 0u t(T)(«)l choices for the 
coset of Inn(T) from which the on may be chosen, and for each such coset there 
are at most \T\ choices corresponding to each non-trivial cycle of it. If w is 
fixed-point- free, then all of these choices are possible. Since = k/p, equation 
flTJ follows. 

Suppose then that 7r has a fixed point Iq. Certainly oT ona. — and oii a — 
~oii for all fixed points i if and only if cti € CAut(T)( a ) an d <\ oii € Ci nn (r){a) 
for all fixed points i 7^ Iq. Hence there are at most |C , A u t(T)( a )l|Cinn(T)( Q! )K' r_1 
choices for {a^ : iir — i}, and if 7r is trivial, then all of these choices are possible, 
in which case equation ^ is true. Suppose that 7T ^ 1, and let {c^ : iir = i} 
be one of the choices described above. Then since 5i € Cout(T) (o) for any io 
fixed by w, any element of the coset 7xi may be chosen to determine the ctj 
corresponding to any non-trivial cycle of ir as above. Thus each of the choices 
for {oti : itt — i} not only occurs but does so \T\ Cir times. Equation @ then 
follows. □ 

There are several occasions when we will need to bound the number of 
conjugacy classes of elements of prime order in a group, so we set up some 
notation for this. Let X be a group. If C is a union of conjugacy classes of X, 
we write /c(A) for the number of conjugacy classes contained in C. Also, we 
write f(X) for fx(X), and when C consists of the elements of prime order in X, 
we write f P (X) for fc(X). Let Y be a subgroup of X. Gallagher noted in [17] 
that f(X) ^ [X : Y]f(Y) and f(Y) ^ [X : Y]f(X) and gave elementary proofs 
of these facts. The latter can easily be generalised to fc(Y) for any union of 
conjugacy classes C in Y, which we now do. 

Lemma 4.7. Let X be a group with subgroup Y. Let C C C be unions of 
conjugacy classes of Y and X respectively. Then fc(Y) ^ [X : Y]fc(X). In 
particular, f p (Y) < [X : Y}f p (X). 

Proof. We adapt Gallagher's proof in [T7] as follows. First we obtain a formula 



Of course, this formula can be used to determine fc(X) as well. Since C C C' 



We will also need the following technical consequences of the CFSG. The first 
is routine to verify since | Out(T)| and \T\ are known for every simple group T 
(see [22], for example, for lists of these quantities), so a proof is omitted. For 
the second, note that l(T) denotes the untwisted Lie rank of a simple group 
T of Lie type; when T is a twisted group, this is simply the Lie rank of the 
corresponding untwisted group. Recall that p(T) denotes the minimal index of 
a proper subgroup of T . 

Lemma 4.8. Let T be a non-abelian simple group. Then | Out(T)| 3 < \T\. 



for fc(Y): 




and Cy{y) ^ Cx(y) for all y £C, the result follows. 



□ 
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Lemma 4.9. Let T be a simple group of Lie type over¥ q where T ^ L m {2) for 
any m. Then 

|Out(T)| 2 (6 9 )'( T ) < Cp(T) 11 / 4 
for some absolute constant C. 

Proof. Note that the presence of the absolute constant G allows us to ignore 
finitely many T. Write q — pf where p is a prime and / is a positive integer. 
Values for | Out(T)| may be found in 22J, for example. 

Suppose that T is an exceptional group. Since l(T) is constant and | Out(T)| 
is bounded above by a constant multiple of q, it suffices to show that l(T) + 2 
is at most (11/4)6(T) for some constant b(T) for which p(T) ^ q b ^ T \ If T is 
2 B 2 (q) or 2 G 2 {q), then l(T) = 2 and we may take b(T) = 2 by [40]. Otherwise, 
we have 1{T) < 8 and we may take b(T) = 4 by [55 11551130] . In both cases, the 
desired inequality is satisfied. 

Let T be one of the following groups: PSp2 m (?) where to ^ 2, Q2m+i(l) 
where to ^ 3, PfiJ m (g) where m ^ 4, or PO^" TO (g) where to ^ 4. Then l(T) = m, 
p(T) ^ q 2m ~ 2 by and | Out(T)| is at most a constant multiple of q. Since 

q 2 (6q) m is at most 36q 2 ( 2m ~ 2 ', it follows that T satisfies the desired inequality. 

Let T be U m {q) where to ^ 3. Then l(T) = m - 1, p(T) ^ g 2 ™" 4 by [32], 
and | Out(T)| is at most a constant multiple of (q+ 1)/. Since (g+ l) 2 / 2 < q 1 ! 2 
and (7 7//2 (6(7)™ l_1 $5 ^Qqi 11 / 4 ) 1 , 2 " 1 - 4 ) i W e have verified the desired inequality. 

Finally, suppose that T is L m (q) where to ^ 2. We may assume that T =/= 
L 2 (9). Then Z(T) = m - 1, p(T) ^ g" 1 " 1 by [32], and | Out(T)| is at most a 
constant multiple of (g — 1)/. Note that (q — l) 2 / 2 q 7 ^ 2 . If to ^ 3, then since 
q 3 (by assumption), it follows that g 7 / 2 (6g) m_1 is at most SB^ 11 ' 4 ^ 7 ™ -1 ), so 
T satisfies the desired inequality. If to = 2, then | Out(T)| is at most a constant 
multiple of /, and since f 2 q ^ q 11 ^ 4 , the proof is complete. □ 

We are now in a position to prove the three lemmas. 

Proof of Lemma \4-1\ If ctir € R±(G) where ir has prime order p, then k/p is an 
integer and is therefore bounded above by [k/2\. Since P — Pq, equation ([T]) 
of Lemma 14.61 then implies that 

max \C G (ctir)\ < I Out(T)l|P||T| Lil . 

"^TreKi(G) 

Note that |Gd| = | Out(T)||T||P| and |G| = \G D \\T\ k - 1 . Then 

ri{G) < — — max |G G (a7r)| < . 

|Gr| ^VeB^G) TNI -2 

By a classification- free result of Praeger and Saxl [33) , since P is primitive 
and does not contain Ak, we know that the order of P is bounded above by 4 fe . 
Moreover, we have | Out(T)| 2 < |T| 2 / 3 by Lemma 13751 Recall that k > 5, for if 
k ^ 4 then the primitivity of P implies that P is A*, or Sk', thus [fc/2] — 17/6 
is positive. Suppose that T is not A$ or £-2(7). Then |T| 360, so 

| Out(T)| 2 |P| 2 < 16 fc < 360^ ( 16 



irim- 2 v |T|i360rtl-^ |T|* 
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which is our desired bound. Furthermore, by [5J Corollary 1.2], which is a 
classification-free result of Babai, again since P is primitive and does not contain 
Ak, we know that \P\ ^ exp(4v / A:(log fc) 2 ) for sufficiently large k. Note that k 
is eventually larger than 8v / fc(log/c) 2 . Suppose that T is A$ or 1/2(7). Then 
|Out(T)| = 2, so 

|Out(T)| 2 |P| 2 zLeSv^iogfc) 2 4.601? 

-5> i- . -i 777" 5> 



" |T|*60W-^ " \T\i \V00 

for sufficiently large k. Since only finitely many G have been omitted from our 
argument, the proof is complete. □ 



Proof of Lemma \4-2\ Note that if R(T) is a set of representatives for the con- 
jugacy classes of elements of prime order in Aut(T), then we may assume that 
R%{G) — { « : ol € R{T)} by Lemma B~51 By applying Lemma and equation 
@ of Lemma T4. 61 with n = 1, we get the following. 

|G|ra(G) = X (I Aut(T)| 2 |C Aut(T) (a)|- 2 ) (IPIICa^HHC^HI^ 1 ; 

aeR(T) 

< |Aut(T)| 2 |P| X |Cm„(T)(a)| fe - 2 

aS-R(T) 

^ |Out(T)| 2 |T| 2 |P|/ p (Aut(T)) f IQ^TjWl) • 

(Recall that f p (X) denotes the number of conjugacy classes of elements of prime 
order in a group X.) Since k — 2 is positive and [T : G\ nn (T){a)] ^ p(P) for 
every 1 a £ Aut(T), if we divide by \G\, then we see that ^(G) is at most 
| Out(T)|/ p (Aut(T))p(T) 2 - fe . It therefore suffices to show that 

|Out(T)|/ p (Aut(T))<CKT) n / 4 

for some absolute constant C. Note that we may ignore finitely many simple 
groups T should we wish to due to the presence of the constant. In particular, 
we may ignore the sporadic groups. 

If T is the alternating group A m , then p(T) — m and Out(T) is constant. 
In fact, we have that Aut(A TO ) = S m if m =/= 6, and since 



2^p<m 



2 



p prime p prime 



it follows that / )9 (Aut(T))p(r)- 11 / 4 is bounded above by m" 3 / 4 . 

Let us assume, then, that T is a simple group of Lie type over ¥ q . As noted 
before Lemma |4.7l for any group X and subgroup Y, it is elementary to show 
that f(X) ^ [X : Y]f(Y). (Note that Lemma \A . 71 provides an upper bound on 
fiX) rather than on f(X); see [T7] for a proof of the upper bound on f(X).) 
Hence / p (Aut(T)) < f(T)\ Out(T)|. Moreover, from [13 Theorem 1] we know 
that f(T) < (Gq) 1 ^ where l(T) is the untwisted Lie rank of T. If T is not L m (2) 
for any m, then | Out(T)\ 2 (6q) 1 ^ < Cp(T) 11 / 4 for some absolute constant C 
by Lemma T4. 91 and we have verified the desired inequality. If T is L m (2), then 
| Out(T)| is constant, p(T) ^ 2 m ~ l by [32], and /(T) < 2 m by [3TJ Lemma 5.9], 
so the proof is complete. □ 
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Proof of Lemma \4~3\ assuming Lemma \4~^\ Note first of all that Rz(G) may be 
empty. If so, then the result is true, so we may assume otherwise. For n 6 P 
of prime order p, as in the proof of Lemma B~o1 let f n := fix™ (tt), let c„ be the 
number of non-trivial cycles of it so that — (k — f n )/p, and let rv := + f n . 
Since | Cj^rr) (a) | ^ \T\, Lemma (14.51) and equation ([2]) of Lemma [4.61 imply 
that 

= |Out(T)||P| \a Aut{T) \\n p \\T\ r *. 

~3V<Efl 3 (G) 

Let P(T) denote a set of representatives for the conjugacy classes of elements 
of prime order in Aut(T) together with the identity, and let R(P) denote a set 
of representatives for the conjugacy classes of elements of prime order in P that 
fix a point of [k]. Then by Lemma l4.5l we may assume without loss of generality 
that R 3 (G) C {"aV : a e R(T),ir G P(P)}, so 

J2 ia Aut(T) ik p iiTr- < i« Aut(T) i E k p ii 3 T v < i 71 ! 1 E \* p \\ T \ r * 

7tTreR 3 (G) aeR(T) ireR(P) TieR(P) 

since | Out(T)| ^ |CT| x / 3 by Lemma T4. 81 Then the proof is complete by Lemma 

□ 



Proof of Lemma \4-4\ F° r n £ P of prime order p, as in the proof of Lemma 
14.31 let /tt := fix[fc](7r), let c T be the number of non-trivial cycles of n so that 
Cw — (k — fw)/p, and let rv :— c n + f n . As in the statement of the lemma, 
let R(P) denote a set of representatives for the conjugacy classes of elements of 
prime order in P. We want to prove that 



for some absolute constants C and c > 1. Note that r n = fc — 1 for some 
7r G R{P) if and only if P contains a transposition, which is equivalent to P 
being Sk since P is primitive. Thus the exponent of |T| in ((3J) is always positive. 

Let 7r <E R(P) have order p. We may write pc,,- = /i(P) + i for some non- 
negative integer i where /x(P) denotes the minimal degree of P, which is the 
minimal number of points moved by an element of P. Then c w = /i(P) jp + i/p 
and /tt = k — /i(P) — i- Since i/p — i ^ and p ^ 2, it follows that 



max rv ^ 

7re_R(_P) 



k-fi(P) = k 



Hence we conclude that (O is true if the following inequality holds: 



IT 



m-§ w Vk 



It will usually be sufficient to prove this inequality. The proof now divides into 
two cases according to whether /i(P) ^ fc/3 or not. In the first, we bound the 
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left-hand side of ([3]) or ^ by C/c k , and in the second, we bound the left-hand 
side of © or ® by C/y/k. 
Case 1 : fi(P) > fc/3. 

Suppose first of all that \T\ ^ \L 3 (3)\ = 5616 and fc > 6. Since \P\ ^ 4 fe by 
[33] and |~fc/6] — 5/3 is positive, 

\P\ 4 fe 5 / 4 \ fe 

r ( p i 5 < — 56163 l^mm) ' 

|T|I 2 \~i 56161 e I "3 \V5616/ 

which is the upper bound we desire. Suppose instead that \T\ < 5616. For 
sufficiently large fc, we know that \P\ is at most exp(4\/fc(log fc) 2 ) by [3j Corollary 
1.2]. Since fc is eventually larger than 24v / fc(log fc) 2 , it follows that 

for sufficiently large fc, which is again the upper bound we desire. Lastly, suppose 
that fc = 5 or 6 (which we may do since P must contain A/~ when fc 4). 
Note that the left-hand side of © is bounded above by \P\ |T| 5 / 3 - fe+r -* where 
7r* € R{P) achieves the maximum. Since fc — rv* ^ 2, we may replace \T\ by 60, 
and since \P\ and tv* are constant, this establishes equation ([3]). Only finitely 
many G have been excluded from our argument, so this case is complete. 
Case 2 : fx(P) < fc/3. 

Let f2 mj ; denote the set of subsets of [to] of size I, Then by Liebeck and Saxl 
[2"6l Theorem 2], our assumption on /z(P) forces P to be a subgroup of S m lr S r 
that contains A r m and acts by the product action on W m ; for some to ^ 5, r ^ 1 
and 1 ^ / < m/2. Note that this action is primitive and faithful, that (r,l) is 
not (1, 1) by assumption, and that fc = (™) • Let 

(771 — ' 2\ f Til, \ 

Observe that ((12), 1, . . . , 1) e moves 2g(m,r,l) points of fi£, ; while no 
element of SVn ? r SV moves fewer; hence <?(to, r, /) ^ /i(P)/2. It is certainly true 
that m rnr ^ vfc and |P| $5 m mr r r , so since <?(m, r, Z) 7^ 1 and |T| ^ 60, it follows 
that (01 is true if we can show that 

2mr log m + r log r ^ g(rn, r, I) log 60 + C (5) 

for some absolute constant C. If r ^ 3, then equation ([5]) holds since g(m, r, I) J? 
m r ~ 1 ; if r = 2 and I ^ 2, then equation ([5]) holds since g(m,2,l) m 2 ; and if 
7- = 1 and I 3, then equation ([5]) holds since g(m, 1, 1) ^ (to — 3) 2 /2 (and since 
I < m/2 forces m > 6). Thus the cases when (r, i) is (1, 2) or (2, 1) remain; note 
that for either one, the left-hand side of equation (Q} tends to infinity if T is 
fixed and to tends to infinity. We therefore establish equation © instead. 

Suppose that (r,l) is (1,2). Recall that P is A m or S m acting (faithfully) 
on the set f2 m! 2 of 2-subsets of [m] where to ^ 5. In the proof of Lemma T4.21 
we saw that f p (S m ) ^ m 2 /2, and so f P (P) ^ to 2 . But to v^fc, so equation 
© will be true if we can show that |7r p |60 r ' r_fc is bounded above by to -3 for 
each 7r G R(P)- To this end, let ir be an element of P of prime order p. Then 
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the full cycle decomposition of ir in S m consists of t cycles of length p for 
some t such that 1 ^ t ^ [m/p\. Certainly |7r p | ^ m pt . Moreover, we have 
k — r n = (1 — l/p)(k — fn) ^ (fc — /^)/2 and log 60 > 4, so it suffices to show 
that 

(pt + 3) log rn $C 2(fc — /tt). (6) 

Let i and j be distinct points of [to]. Clearly tt fixes {i,j} if and only if either 
both i and j are members of fix[ m ](7r), or the full cycle decomposition of n in 
S m contains the transposition (ij). Hence 



f n = |fix 0m2 (7r)| = 



/ m— pt\ 

A 

2 



\ 2 J 
(m-2t\ 



if p ^ 3 
t Hp = 2. 



By evaluating 2(k — /„■) and rearranging equation ([5]), it follows that equation 
© is true if 



(pt + 3)\ogm+p 2 t 2 +pt+{° 2t !^^j<2m*rf (7) 

for all primes p and integers i such that 1 ^ t ^ \ mjp\ . Since + 
4to/3, it follows that p 2 t 2 +pt < 4r7jpi/3. In fact, we also have At 2 +U ^ 8mi/3 
since 2i + 2 ^ m + 2 ^ 4m/3 when to ^ 6 and 2t ^ 4 when to = 5. Moreover, the 
fact that 3 log to ^ to implies that (pt + 3) log m ^ 2mpt/3 when pi + 3 < 2pi. 
Thus equation ((7]) is satisfied if p ^ 2 or t ^ 1, and if p = 2 and t = 1, then it 
is easy to check that equation ([7]) still holds. 

The remaining case to consider is when (r, I) is (2, 1). Recall that here P is 
a subgroup of x C2 that contains and acts via the product action on 
[to] 2 for to ^ 5. Let Q := x C2 and let r denote the generator for Ci- First 
we determine the conjugacy classes of elements of prime order in Q. 

Let C be the union of those elements of prime order in Q whose projection 
onto C2 is trivial, and let C T be the union of those elements of prime order in 
Q whose projection onto C'2 is r. Then the elements in C with order p have the 
form (51,52) where si and S2 are elements of S m such that sf = 1 for both i 
and Si or S2 is non-trivial, and the elements of C T have the form (s, s _1 )t for 
any s 6 5 m . Note that both C and C T are unions of conjugacy classes of Q since 

< Q- In fact, since (s, u) _1 (s, s _1 )r(s, it) = (it, u )r for any s,u £ 5 m , it 
follows that / Ct (Q) = I- 

Let (si, S2) € C. Since we may conjugate (si, S2) by (ui, U2) or (ui, i±2)t for 
anyui,U2 € SVn, it follows that (si,S2) Q = (sf m xsf m )u(sf m xsf m ). Fixaprime 
p ^ to. Then in Q there are to p := \m/p\ conjugacy classes (si : s\p where S\ 
has order p, and since (si, S2) Q = (s2, there are (™ lp 2 +1 ) conjugacy classes 
(si,S2) where (si,S2) has order p but si and S2 have a different number of 
p-cycles on [to] (allowing for the identity, which has no p-cycles). This accounts 
for all of the elements in C with order p. Then since m p ^ to/2 for any prime 
p, we obtain 

x f m„ + 1\ x to 2 + 6to to 3 + 6m 2 
f c (Q) = 2^ m p + I ) ^ 2^ § < § ' 



p prime 



Thus f c (Q) ^ (3/8) 



TO 



3 
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Since P has index at most 8 in Q, Lemma [4.71 implies that fcnp(P) *S 3m 3 
and that fc T np(P) ^ 8. But m = \/k, so equation ^ is true if |7r p |60 r,r ~ fc is 
at most a constant multiple of m -4 for all ir £ R(P) HC and at most a constant 
multiple of to -1 for all it £ R(P) H C T where both constants are absolute. 

We prove the latter requirement first. Let it £ C T n P. Then |7r p | ^ m" 1 ^ 1 
since \C T \ — \S m \. Moreover, if ir = (s,s~ 1 )t, then the set of fixed points 
of 7r on [m] 2 is {(i,is) : i £ [m]}, so 2(fc — r x ) = fc — / ff = to 2 — m. Since 
logm ^ log60(m— l)/2, we have that |7r p |60 r ' r ~' c is bounded above by m _1 , as 
desired. 

Now let it — (si, s 2 ) be an element of prime order p in C D P, and suppose 
that for each i the full cycle decomposition of Sj in SVn consists of p-cycles 
where ^ tj ^ L m /pJ an d *i or t 2 is non-zero. Then \(si, S2) p \ ^ 2|sf m ||sf m | < 
2m ptl+pt2 . Moreover, the element (si, s 2 ) fixes € [m] 2 if and only if si fixes 
i and S2 fixes j, so /( SljS2 ) = (m— pt\){m— pt2)- Again, since fc — rv (k — f v )/2 
and log 60 > 4, if we can show that 



then |7r p |60 r "~ fe is bounded above by 2m~ 4 , as desired. Since log m/m is at 
most 1/3 and x := pt\ + pt 2 is at least two, we obtain that (x + 4) logm ^ mi, 
and since pU ^ m for both i, we obtain that 2p 2 t\t 2 ^ mx. This completes the 



Now we prove Theorem 1 1.5 1 by modifying the proofs of Lemmas 14. II and 14.31 

Proof of Theorem \1.5[ As in the proof of Theorem 11.41 it suffices to show that 
if G = A(k,T) xi P where P is a primitive subgroup of Sk and k ^ 5, then 
ri(G) converges to for each i as \T\ tends to infinity with k fixed. In the proof 
of Lemma PI we saw that n(G) |p|2| T |8/3-rfc/2l ( gince |Out(T)| 2 < |T| 2 / 3 
by Lemma [4.81) . But k is at least 5, so r\(G) — > as \T\ — > 00 with k fixed. 
Moreover, by Lemma |4~21 the same is true for r2(G) since p(T) — > 00 as |T| — > 00. 
Thus it remains to consider r^(G); this will require some extra work. 

For 7r £ P of prime order p, as we have done before, let /„• := fbcrfei(7r), 
Cj, := (k — fn)/p and r n := cv + /„.. Also, let denote a set of rep- 

resentatives for the conjugacy classes of elements of prime order in P that 
also fix a point. By Lemma [4.51 we may assume that if ~ciit £ R 3 (G), then 
7r £ R(P); moreover, we will assume for simplicity that if n is a transposi- 
tion, then 7T = (12). Accordingly, let R A (G) := {~3V £ R 3 (G) : n = (12)}, 
and let 7-4 (G) be the sum of r 3 (G) restricted to elements of R±{G). Also, let 
i? 4 (T) := {a £ Aut(T) : ~ctn £ i? 4 (G)}. Note that i? 4 (T) contains the identity 
if it is non-empty. Suppose for the time being that i?4(G) is non-empty. Then 
P = Sk- By Lemma (I4.5[) and equation ^ of Lemma [4.61 we have that 



since [T : Gi nn (T) (a)] 5? p(7 1 ) if a ^ 1. Then for any primitive P, the proof of 
Lemma 14.31 and the above inequality imply that 



(pti + pt 2 + A)\ogm + 2p%t 2 < 2m(pt 1 + pt 2 ), 



proof. 



□ 
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But | Out (T) | < Cp(T) 11 / 8 for some absolute constant C by Lemma 14.91 since 
| Out(T)| is constant if T is either L m (2), an alternating group or a sporadic 
group. This then gives us the desired convergence since k J? 5 and k — r^ 2 
when 7r is not a transposition. □ 

Note that the methods of this section can sometimes be adapted to the cases 
when either k < 5 and k is fixed as \G\ — > oo, or k < \T\ and k grows with |T| as 
\G\ — > oo. These results and their proofs are not included here but can be found 
in [16) . For example, it is proved that if k ^ 3, then the proportion of 3-tuplcs 
that are bases for G tends to 1 if k is fixed as \G\ — > oo. In fact, it looks likely 
that a similar result occurs when k = 2 and Pq is trivial; indeed, it is proved 
for such groups that the proportion of 4-tuples that are bases tends to 1 if k is 
fixed as \G\ — > oo by using stronger bounds on the numbers of conjugacy classes 
of non-abelian simple groups. Lastly, it is proved that the proportion of pairs 
that are bases tends to 1 as \G\ tends to infinity if k is a non-constant function 
in the variable \T\ for which k A ^ \T\ for all non-abelian simple groups T . 
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